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Recent studies in the feedback control of Rayleigh-Bénard convection indicate that one can sustain the
no-motion state at a moderate supercritical Rayleigh numbersRad using only proportional compensation.
However, stabilization occurs at a much higher Rayleigh number using linear-quadratic-GaussiansLQGd con-
trol synthesis. The restriction is that the convection model is linear. In this paper, we show that a comparable
degree of stabilization is achievable for a fully nonlinear convection state. The process is demonstrated in two
stages using a fully nonlinear, 3D Boussinseq model, compensated by a reduced-order LOQ controller and a
gain-schedule table. In the first stage a fully-developed convective state is suppressed through the control
action at a moderate supercritical Ra. After the residual convection decays to a sufficiently small amplitude, in
the second stage, we increase the Ra by a large step and switch the compensator gains using the gain-schedule
table. During this change the control action is in place. Our nonlinear simulation results suggest that the
nonlinear system can be stabilized to the limit predicted by the linear analysis. The simulation shows that the
large Ra jump induces a large transient temperature in the conductive component, which appears to have very
small impact on the stabilization.
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I. INTRODUCTION

Considerable interest has been demonstrated in the sup-
pression of convection using the optimal control methods
f1g. A glimpse at some important results can be found inf2g
using the Boussinesq model for Rayleigh-Bénard convection
sRBCd. The suppression of the onset of RBC by feedback
control was investigated through analyses, experiments, and
numerical simulations by a number of authors. The results
were published inf3–11g. Potential industrial applications of
the technique occur in several areas, such as material pro-
cessing, moulding, and crystal growth. The outlook is en-
couraging.

The proportional feedback control used by Tang and Bau
f3,7,8g and by Howlef4–6,11g offers a simple, intuitive way
to control the system. The mechanism of suppression corre-
sponds to the spatial stabilization of the unstable perturbation
temperature field by the temperature control. From a control
analysis point of view, a proportional control law is often
considered insufficient. To account for the complete spatial-
temporal dynamics, linear-quadratic-GaussiansLQGd syn-
thesis offers much better performance, as demonstrated in
f1,9,10g. LQG synthesis also provides a systematic and opti-
mal methodology to design a high-order robust compensator
that guarantees a certain level of relative stability margins.
Furthermore, with LQG synthesis there is an existing body
of modern control theory literature to aid in the issues of
controller implementation, systematic order reduction, and
gain scheduling.

We published two studies in applying the LQG synthesis
for controlling RBC. The first study is a closed-loop linear
stability analysisf9g, in which detailed stability boundary
curves were computed. The no-motion state can be stabilized
up to 14.5 times the critical Rayleigh number Rac for the
case of moderate Prandtl numbersPr=7.0d. Beyond this limit
the LQG controller allows islands of instability to form be-
low Ra=14.5 times of Rac.

The linear stability results is very restricted because in
real applications convection has finite amplitudes. In the sec-
ond study, a three-dimensional nonlinear plant modelf10g
was developed using the pseudo-spectral method. Using
LQG synthesis off9g, we demonstrated that a fully nonlinear
initial steady convection state at about 6 times the critical
Rayleigh number can be damped out by control action. The
no-motion state is sustained.

In all the studiesf1–10g, the measurements and control
actions were assumed to be spatially continuous. No sensor
or actuator dynamics were included. In a more recent study
by Howle f11g, it was demonstrated that the finite wall thick-
ness in the boundaries adds additional actuator dynamics and
alters the onset mode of instability. Here, this added latency
has not been included. This area is of interest for future
investigations.

In this study our goal is to demonstrate that a fully non-
linear convection state can be suppressed, and the
convection-suppressed, no-motion state can be raised to a Ra
value comparable to the stability limit dictated by the linear
analysis. A two-stage gain-schedule approach is considered
here. Furthermore, a reduced-order LQG controller has been
developed for this task.

II. 3D NONLINEAR PLANT MODEL

Consider an infinite layer of Boussinesq fluidssee the
schematic of Fig. 1d. The upper wall is maintained at tem-
peratureT2

* and the lower wall temperature atT1
* +bDT*

+uc
* , whereT1

* .T2
* ; the flagb is set to zero prior to the step

jump in Ra and equal to one after the jump;DT* is the step
increase in lower-wall temperature corresponding to the Ra
step. These are the conductive components of the tempera-
ture. To suppress convection, a temperature controluc

*sx,yd
is generated on the actuator plane assumed to coincide with
the lower wall. This is a perturbation temperature.
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There are three embedded sensor planes in the layer,
which measure the interior field temperatures at three differ-
ent levels,zs

sid si =1,2,3d. The perturbation sensor tempera-
tures from the conductive component are denoted as
us

*sx,y,zs
sidd.

Due to the step increase in Ra, a transient temperature is
generated in the conductive component of the total tempera-
ture after the step increase. The heat equations for the static
conductive temperature and transient conductive tempera-
ture, and for the perturbation temperature due to convection
are derived from first principles in the Appendix. In the pres-
ence of convection, the total temperature is decomposed into
the conductive and convective components. The conductive
temperature has a transient component as well. The nominal
conductive temperature is the static component. The conduc-
tive temperature field is stable. The convective temperature
has a nominal of zero. The control loop is designed to drive
this perturbation component to zero. In the nondimensional
mathematical form, the quantitiesd, d2/k, k /d, k /d2,
rsk /dd2, and sT1

* −T2
*d sbefore the Ra stepd and sT1

* +DT*

−T2
*d safter the Ra stepd, are used as the scales of length,

time, velocity, vorticity, pressure, and temperature, whered
is the layer thickness,k andr are the mean thermal diffusiv-
ity and density of the fluid.

The governing nondimensional Oberbeck-Boussinesq
equations are

Pr−1]tv = Pr−1v 3 v + kRau − = pe + ¹2v, s1d

]tu = − v · = u + ws1 − ]zQ̃d + ¹2u, s2d

]tQ̃ = ] zz
2 Q̃, s3d

= ·v = 0, s4d

wherev=su,v ,wd is the velocity vector field,v= = 3v is
the vorticity, pe=p+v ·v /2 is the effective pressure head,

Q̃sz,td is the transient component in the conductive tempera-
ture,u is the perturbation temperature due to convection, and
k is unit vector in thez direction. The two external param-
eters are the Rayleigh number and the Prandtl number, re-
spectively, defined by Ra=agDT*d3/nk and Pr=n /k where
a is the coefficient of thermal expansion andn is the mean
kinematic viscosity. The continuity equations4d is for an
incompressible flow.

The upper and lower wall velocity field conditions are
nonpermeable and nonslip,

vsx,y,0,td = 0, vsx,y,1,td = 0. s5d

The upper and lower wall transient conductive temperatures
have a zero initial condition before the step jump, since the
layer is in a steady state heat conduction prior to the step
increase of Ra. After the step increase, att= t+, the initial

condition forQ̃ is given by

Q̃sz,t+d = −
DT*s1 − zd

sT1
* + DT* − T2

*d
. s6d

The boundary conditions are homogeneous,

Q̃s0,td = 0, Q̃s1,td = 0. s7d

The upper-wall boundary condition for the perturbation tem-
perature is homogeneous. The lower-wall boundary condi-
tion for the perturbation temperature includes the tempera-
ture control ucsx,y,td, which is generated by the actuator
action. The upper and lower thermal boundary conditions for
the perturbation temperature are

usx,y,1,td = 0, usx,y,0,td = ucsx,y,td. s8d

The temperature field is measured on the three embedded
sensor planes at the levelsz=zs ss=1,2,3d. Since the con-
ductive temperature field in the layer can be determined in-
dependently, we can subtract it from the total to obtain the
perturbation temperature measurements. The perturbation
sensor temperature measurements are

ussx,y,td = usx,y,zs,td, s= 1,2,3. s9d

In the numerical scheme the three-dimensionals3Dd depen-
dent variablesu, v, w, p, andu are expressed by the follow-
ing finite triple sums:

3
u

v

w

p

u
4sx,y,z,td = Re5o

n=0

N

o
k=0

K

o
m=−M+1

M 3
ukmn

vkmn

wkmn

pkmn

ukmn

4stdTn

3szdeiskaxx+mayyd6 . s10d

where Re denotes the real part of the sum;ax anday are the
fundamental wave numbers in thex andy directions, respec-
tively. The two fundamental wave numbers are prescribed.
Here, the number of total coefficients can be reduced to half
by only including the coefficients forkù0, because all the
dependent variables are realssee detailed description in
f10gd. The functionsTnszd sn=0,1, . . .d denote the Cheby-
shev polynomials. A linear coordinate transformation is used
to convert the Chebyshev function domain from the function
domain −1øz,1 to our physical domain 0øz,1. The per-

FIG. 1. Schematic of a section of the 3D fluid layer.
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turbation temperature controluc and measurement tempera-
turesus ss=1,2,3d, are planar. They are expanded as double
sums,

3
ussz1,td
ussz2,td
ussz3,td
ucs0,td

4sx,y,td = Re5o
k=0

K

o
m=−M+1

M 3
ukm,ssz1,td
ukm,ssz2,td
ukm,ssz3,td
ukm,cs0,td

4
3eiskaxx+mayyd6 . s11d

III. THE REDUCED-ORDER LQG COMPENSATOR

The LQG synthesis method was discussed in detail inf9g.
In the study, the LQG compensator used is full ordered, that
is, the compensator has the same order as the 3D nonlinear
convection model. The controller was demonstrated to be
effective in removing the convection state, reverting the
layer back to its no-motion state for Ra=104, about 5.8 times
the critical value. In this paper, the full-order compensator is
replaced by a reduced-order compensator. A methodology for
increasing Ra was developed without destabilizing the con-
trolled state. This is a gain scheduling approach.

To design a reduced-order compensator, the linear Bouss-
inesq equations are expressed in a state-space form for each
Fourier-decomposed modefcorresponding to wave numbers
skax,maydg. The state-space system includes the correspond-
ing measurementssensord equations and the controlsactua-
tord equations. We remark that these are the linearized equa-
tions about the no-motion state, not about the nonlinear
convective state. For the simplicity of notations, the indices
for the wave numbers are omitted. It is clear that there is a
distinct set of state-space equations for each pair of wave
numbers for each Fourier mode for each Rayleigh number.
The state space equation is expressed as

ẋ = Ax + Bu, s12d

where the state vectorx consists of the Chebyshev coeffi-
cients for the velocity and the temperature perturbations for
wave number pairskax,mayd; u is the Fourier coefficient of
the temperature control according to Eq.s11d. The sets of
state space equationss12d corresponding to different wave-
number pairs are decoupled in a linear sense.

From Eqs.s11d ands10d, we denote the measurement tem-
perature Fourier coefficients by the three-row vectorz; z
consists of measurement on 3 planesz1,z2,z3, which can be
expressed in terms of the state vector by the matrix equation

z = Cx. s13d

We show a block diagram for the control loop between the
compensator and the plant model by a schematic in Fig. 2.
The LQG compensator consists of a Kalman filter and an
optimal regulator. The fixed-gain Kalman filter equation and
the optimal regulator equation are, respectively,

ẋ̂ = Ax̂ + Bu + K fsz − ẑd, u = − K cx̂, s14d

where vectorx̂ consists of the state estimates. The following
measurement equation relates the estimates of measurements
to the estimates of the true states,

ẑ = Cx̂. s15d

The steady-state Kálman gain vectorK f and the regulator
gain vectorK c are determined from two steady-state alge-
braic Riccati equationssAREsd f1,9g.

To determine the controller gainK c, the statesx and con-
trol u are quadratically penalized in an integral cost criterion.
The associated weightings are used in the controller AREs.
To determine the filter gainK f, we assumed that Gaussian
noises are added to the dynamics and the measurements. The
power spectral densities are used as the design parameters in
the AREs to form the gains. The LQG compensator at each
Ra number consists of 2sK+1dM sets of state space matrices
sA ,B ,C ,Dd swhereD=0d, and the same number of sets of
gainsK f ,K c. There is no cross coupling between the sets of
equations. Each set is designed to compensate for a Fourier
mode corresponding to a wave number pair. In the full-order
controller formulation, the dimension ofA ranges from 64 to
128, K and M range from 32 to 64. The compensator be-
comes very large.

We have considered two different approaches to design
the order-reduced compensator. The first approach is to seek
a balance between the input and output relationships of the
plant model. The second approach is to seek a balance be-
tween the input and output relationships of the compensator.
The state space system is first transformed to a Schur canoni-
cal form and then ordered block by block in a balanced re-
alization schemesgrammian-basedd. The reduced-order com-
pensator is then constructed based on the reduced-order
dynamics and their input-output relationships.

The first approach appeared to be quite effective when
applied to controlling the laminar boundary layer transition
f12g. However, when applied to Rayleigh-Bénard convec-
tion, the reduced-order compensator is not as robust as it
should be. Some preliminary simulation results indicate that
an order reduction by a factor of 2 is possible. Further reduc-
tion makes the closed-loop response unstable.

FIG. 2. The control loop diagram.

GAIN-SCHEDULED CONTROLLER FOR THE… PHYSICAL REVIEW E 71, 046302s2005d

046302-3



The first approach is not robust. Our ultimate goal is to
use a reduced-order compensator to control a full-order non-
linear plant model. The reason that we perform a balance
realization on the linearized plant model, and then truncate
the plant model, is because we want to use the reduced-order
linear plant model to design the reduced-order compensator.
In the second approach, we do not truncate the plant model.
We first design a full-order compensator for the full-order
plant model, just as inf9g. Then, we seek to perform a bal-
ance realization on the compensator instead, and then trun-
cate compensator model. By doing that we have to compute
the full-order Kalman gainsK f and full-order regulator gain
K c based on the full-order plant model with state spacesA,
B, and Cd. Then, we perform a balance realization on the
compensator input and output. The compensator inputs the
measurement vectorz and outputs the control vectoru.

From Eq.s14d, we obtain the following state space equa-
tions for the full-order compensator,

ẋ̂ = Acx̂ + Bcz,
s16d

u = Ccx̂ + Dcz.

The subscript “c” denotes the compensator, where the state
space matrices are given by

Ac = A − BK c − K fC + K fDK c,
s17d

Bc = K f, Cc = − K c, Dc = 0,

whereDc=0. To reiterate, in the first approach the balance
realization is performed onsA ,B ,Cd. In the second ap-
proach, the balance realization is performed on
sAc,Bc,Cc,Dcd instead. It is worth noting that the dynamics
of Ac can be distinctively different from those ofA. The
compensator dynamics now depends on the gain vectors as
the input and output matrices.

A grammian-based balance realization is just one way to
perform the balancing. A typical grammian-based routine is
by solving the Lyapunov-type equations using the polyno-
mial methods. The polynomial routines are not effective for
large matrices. Here, we consider an approximate method.
First, we apply a similarity transformationx=Px1, in which
the transformationP diagonalizesAc. This transformation
convertssAc,Bc,Cc,Dcd into sAc1,Bc1,Cc1,Dc1d. If there are
nondistinct eigenmodes, then we have to use the Schur ca-
nonical transformation instead. The transformation is

Ac1 = P−1AcP, Bc1 = P−1Bc,
s18d

Cc1 = CcP, Dc1 = Dc,

whereAc1 is now in a diagonal form. We denote the diagonal
entries of this matrix byli si =1,2, . . . ,Nd. We allow the
diagonal entries to be expressed in complex conjugate pairs.

Second, we define a score parameter for each compensa-
tor mode, denoted assi si =1,2, . . . ,Nd, where

si = ubiuuciu/uliu, i = 1,2, . . . ,N, s19d

bi is the ith row of Bc1 andci is the ith column ofCc1. Then
we perform a reordering, in which the eigenmodes in

sAc1,Bc1,Cc1,Dc1d are ranked according to the magnitude of
the score parameter. The modes are arranged in the order of
importance. The unimportant modes at the end will be trun-
cated. A truncated, reduced-order set is denoted by
sAc2r ,Bc2r ,Cc2r ,Dc2rd, with the state vectorx1r ssubscript
“ r” stands for reduced-order setd.

The reduced-order compensator is described by

ẋ̂1r = Ac2rx̂1r + Bc2rz,
s20d

u = Cc2rx̂1r + Dc2rz.

IV. RESULTS

The preferred convection pattern is steady, two-
dimensionals2Dd finite-amplitude rolls. We start at Ra=104

and use the steady convection rolls as the initial condition.
Although the preferred wavenumber of the rolls is about 3.1,
in our simulation, the fundamental wavenumbers are chosen
to be atax=1.0 anday=1.0. So, the steady rolls occur as the
longitudinal rolls sparallel to y axisd in the second Fourier
harmonic. Three-dimensional zero-mean Gaussian noises
szero mean, standard deviation equal to 10−6d are added to
each coefficient in the initial fields. This ensures that if 3D
instabilities occur, there exists perturbations for them to
grow. The full-order nonlinear plant model has a resolution
of 23128 Chebyshev modes in the vertical directionsfor
both vertical velocity and temperatured and 32332 Fourier
modes in the horizontal direction. Note that the horizontal
velocity is obtainable from the vertical velocity through the
continuity equation. In the reduced-order compensator, only
eight Chebyshev modesscomplexd are retained. The same
number of Fourier modes is used in the horizontal direction.
The analysis shows that 8 Chebyshev modes is the minimum
for effective control.

A. Closed-loop simulation prior to the Ra increase

The first-stage of simulation is performed using the first
set of gains in the gain-schedule table. The simulation is
performed until the residual convection is sufficiently small.
The simulation shows that a time period of 0.4 unit is suffi-
cient for the purpose. With a time step ofDt=0.0004, we
sample the output every five time steps. The maximum tem-
perature control recorded occurs right at the start, i.e., att
=0.004. The temperature control produces a sharp peak in
the transient phase of roughly 0.15 time unit wide. This peak
has a maximum roughly of 1.3 times the conductive tem-
perature difference imposed across the upper and lower
walls, that is,DT. This 1.3DT may be considered high for
experimental implementations. It all depends on the satura-
tion limit of the actuator. If saturation occurs, then we have
to reduce the Ra value of the initial condition.

The question of using a linear controller to control a non-
linear system needs an explanation. In fact, the linear system
consists of only the one Fourier mode. Therefore, in the lin-
ear sense the controller is a single-mode controllerf3–6,9g.
The nonlinear system consists of an infinite number of Fou-
rier modes, all except one are generated by the nonlinear
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terms. Other than the Fourier modes, there always exists a
mean temperature field as well. The linear controller controls
each Fourier mode, as well as the mean field, individually.
Even though each mode is treated as linear by the controller,
a linear controller has been proven effective. In fact, it
should be effective, as long as the higher-order terms in the
amplitude expansion corresponding to a particular Fourier
mode is either stabilizing or insignificant. Therefore, the tem-
perature control containing a horizontal mean component is
obvious but was not explicitly mentioned inf9g. This mean
component is reasonably large too. At the peak of the tem-
perature control, this component is about −0.35DT. It tends
to zero as convection is suppressed.

The Nusselt number Nu is defined as the ratio of the total
sconvective and conductived to the purely conductive heat
transfer. This parameter is a measure of the degree of con-
vective activities. In the closed-loop response, it is also a
measure of the effectiveness of the controller. In Figs. 3 and
4, the Nusselt numbers at the lower wallsNu1, solid lined and
upper wall sNu2, dashed lined are plotted as functions of
time. When Nu1=Nu2=1.0, the layer is purely conductive,
i.e., there is no convection motions. However, the conductive
state can be transient. When Nu1.Nu2, relative to conduc-
tion, net heat is pumped into the layer via the lower wall.
This situation is observed at the beginning of the closed-loop
simulationsfor time less than 0.07d in every case, indicating
that the controller starts by pumping net heat into the layer.
When Nu2.Nu1, net heatsrelative to conductiond is ex-
tracted from the layer. It is possible for the transience to
cause Nu1,1.0 as convection is damping out, as seen in the
conductive casessee Fig. 4d. At small convection amplitude
sas the Nusselt number approaches 1.0d, the nominal simula-
tion ssee Fig. 4d shows that the upper-wall Nusselt number

has value greater than 1.0 and the lower-wall Nusselt number
has value less than 1.0. This linear behavior shows that the
controller action is to extract net heatsrelative to conductiond
from the layer, thereby reducing the convection energy.

B. Gain scheduling, Ra stepping and the transient response
of the conductive temperature

The gain scheduling is a means to allow the filter and
control gains to vary during the closed-loop simulation. Typi-
cally, a gain table is constructed. The Ra range is divided
into intervals. Each interval corresponds to a new set of
gains. In the simulation, as Ra is increased through the inter-
vals in time, the gains are switched to preserve the control
performance. For implementation, it is more convenient to
increase Ra by steps. A step jump causes transience in the
conductive temperature component. This may in turn cause
perturbations in the convective field. In this study, we con-
sider only a two-interval gain-table, since each set of gains is
extremely large even for the reduced-order controllerf32
332 sets of reduced-order state spacesA ,B ,C ,Ddg. We use
a large step increase in Ra to assess the performance. The
key, however, is not to destabilize the closed-loop system.

In the simulation we consider a step increase of Ra from
104 to 23104. The simulation following the step att= t+

=0.4 unit continues for 0.4 time unit. The total simulation
time is 0.8 unit.

Before performing the nominal simulation, we consider
three test casessshown in the three panels of Fig. 3d. The
purpose of the tests is for sanity checks and also for a better
understanding of the closed-loop response in general. In the
test case 1ssee Fig. 3, upper paneld, the control action is
disconnected right after the Ra step increase att= t+=0.4.

FIG. 3. Closed-loop responses
on three test cases.
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The remaining simulation has no feedback control. The key
observation is that it takes a long duration for convection to
build up again. Eventually, the layer has reverted the sup-
pressed state to full-blown, finite-amplitude steady-state of
convection. The behavior is indicated by the Nu2 sdashed
lined and Nu1 ssolid lined. The curves converge to its steady
state value at about 3.0.

In the test case 2 we maintain a closed loop throughout
the simulation. However, we do not switch the gains at the
step increase of Ra. Figure 3sthe middle paneld shows that
the original set of gains is ineffective to maintain the no-
motion state. Even worse than the test case 1, the closed loop
response displays finite-time divergence. In this case, the
system does not settle to a steady state. It blows up.

A set of gains designed at a higher Ra is not necessarily
effective to control the layer at a lower Ra. In the test case 3,
we use the second set of gainssdesigned at Ra=23104d to
control convection before the Ra step increasesthe steady
state at Ra=104d. The resultsFig. 3, lower paneld shows that
the closed loop response is divergent.

Finally, we turn to the nominal case of the two Ra-step
simulation. In this case, we use the gains according to the
gain table. show the closed-Loop response in Fig. 4. Att
= t+=0.4, we see a very small kink in the solid curve corre-
sponding to Nu1, due to the transient conductive temperature.
The important observation is that the transient conductive
temperature has very little impact on the residual convection.

Unfortunately, the Nusselt number plots do not show the
detailed transience of the residual convection on the scale
used to plot Fig. 4. It is of interest to show the control tem-
peratureuc in the closed-loop response. Referring to Eq.
s11d, we define the plotted quantityiuci as

iuc i =Ho
k=0

K

o
m=−M+1

M

ukm,cs0,tdukm,cs0,tdJ1/2

. s21d

This measure is plotted in a semilogarithm scalessee Fig. 5d.
The regions of steep slopes indicate locations where a cross
over zero has occurred. The maximum of the mean tempera-
ture control occurs at the beginning of the simulation. The
maximum value is 1.27. Neart=0.4, a distinct jump is ob-
served. This is due to the conductive temperature transience
caused by the step increase in Ra. The dominant coefficient
sgreater than 96% of the norm, corresponds to the coefficient
for k=3 andm=0, as expected. This coefficient represents
the longitudinal convection rolls at a wave number 3.0, as
prescribed. All the coefficients formÞ0 vanish. The results
suggest that a large step increase of Ra is benign. The large
transient conductive temperature does not destabilize the
closed-loop system.

In Fig. 6, we plot the transient conductive temperature,

Q̃sz,td=Qsz,td−Qssszd at several time points, att=0.4, 0.48,
0.56, and 0.72. The quantity converges to zero fairly rapidly.

V. CONCLUSIONS

In this study two important steps have been advanced us-
ing a robust control synthesis for the problem of suppression
of convection:sid a reduced-order compensator andsii d a
simulation based on a two-step gain-schedule table. For com-
pensator order reduction, the simulation results show that
eight Chebyshev modes is the minimum for an effective per-
formance. In stepping the Ra by a large increment using the
gain schedule table, an interesting observation is that a large

FIG. 4. Closed-loop upper and
lower Nusselt numbers.
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Ra step is accompanied by a large transient conductive tem-
perature, but does not cause a significant transient response
in the convective fields. As long as the residual convection
prior to the step jump of Ra remains small, the destabilizing
effects of the transient conductive temperature is insignifi-
cant. In this study the two-step Ra gain table used for dem-
onstration purpose. A more refined, multistep gain table may
be necessary for laboratory implementations. In conclusion,

to suppress a fully nonlinear convection, the gain-schedule
approach is a means to achieve a performance up to the
linear stability limit.
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FIG. 5. Norm of closed-loop
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FIG. 6. Time plot of the tran-
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APPENDIX: DERIVATION OF THE MODEL EQUATIONS

The dimensional form of the Boussinesq system consists
of the momentum equation,

]tv
* + v* · = v* =

1

r
= sp* + rgzd − agsT0

* − T*dk + n¹2v* ,

sA1d

where in the buoyant force term,T0
* is a reference tempera-

ture sat z=0d. The heat equation is

]tT
* + v* · = T* = k¹2T* . sA2d

The velocity fieldv* =su* ,v* ,w*d satisfies the incompress-
ibility condition

= ·v* = 0. sA3d

We usesx,y,zd and t to denote dimensional as well as non-
dimensional Cartesian coordinates and time for simplicity.
The asterisk highlights dimensional variables. For nondimen-
sionalization the layer thicknessd and d2/k are used for
scaling length and time;n and k denote the viscous and
thermal diffusivity, respectively;r is the mean density of the
fluid; a is the coefficient of thermal expansion andg is the
gravitational acceleration. The uppersat z=1d and lowersat
z=0d walls of the layer are prescribed, respectively, at tem-
peraturesT2

* andT1
* with T1

* .T2
* .

The fluid temperature,T*sx,y,z,td, is decomposed into a
conductive temperatureQ*sz,td and a convectivesperturba-
tiond temperatureusx,y,z,td,

T*sx,y,z,td = Q*sz,td + u*sx,y,z,td. sA4d

For most studies in RBC, a staticsnominald state is used,

Q* = Qss
* = T1

* − sT1
* − T2

*dz. sA5d

For Ra.Rac, the steady perturbation temperatureu* Þ0
does not vanish.

Here the full set of equations are rederived for the case
when the conductive temperature is not in a steady state. The
gain schedule algorithm is applied, when the Rayleigh num-
ber is increased incrementally in steps. Consider the conduc-
tive state to be static as described by Eq.sA5d at t= t−. In the
closed-loop responseusx,y,z,td<0 as convection is sup-
pressed. Att= t+ the lower wall temperature is increased to
T1

* +DT* , wheret−< t+. The conductive temperature after the
jump is given by

Q*sz,td = Qss
* szd + Q̃sz,td,

sA6d
Qss

* szd = sT1
* + DT*d − sT1

* + DT* − T2
*dz.

The transient conductive temperatureQ̃sz,td is governed by

]tQ̃
* = k]zz

2 Q̃* , sA7d

subjected to initial and boundary conditions

Q̃*sz,0d = − DT*s1 − zd, Q̃*s0,td = 0, Q̃*s1,td = 0.

sA8d

Next, we incorporate the decomposed temperatures into the
governing equationssA1d andsA2d. The conductive tempera-
ture is balanced by pressure. EquationsA1d gives

]tv
* + v* · = v* = −

1

r
= sp*d + agu*k + n¹2v* ,

sA9d

p* = p* + rgz+E
0

z

fQ*s0,td − Q*sz8,tdgdz8.

This equation has the same form regardless of the conductive
temperature. Separating the total temperature into the con-
ductive and perturbation components, the heat equation be-
comes

]tu
* + v* · = u* = − w*]zQ

* + k¹2u* . sA10d

EquationssA3d, sA7d, sA9d, andsA10d provide the governing
equations.

Introducing the nondimensional scaling, the full nondi-
mensional governing equations of the plant model are

Pr−1s]tv + v · = vd = − = p + Rauk + ¹2v, sA11d

= ·v = 0, sA12d

]tu + v · = u = ws1 − ]zQ̃d + ¹2u, sA13d

]tQ̃ = ]zz
2 Q̃. sA14d

In the gain schedule approach, the step increase in Ra im-
parts a discontinuity in the thermal field of the system. This
condition translates an initial condition for the conductive
temperature att= t+,

Q̃sz,t+d = −
DT*s1 − zd

sT1
* + DT* − T2

*d
. sA15d

Thus a transient response follows each jumpQ̃ where Q̃
→0 as the conductive temperature approaches steady state.
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